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DEFINITION OF SYMBOLS 1 a N '
SYMBOL .. DESCRIPTION _ DIINSION
Absolute Designates a vector quantity measured

in inertial axes system or the ab-
m:l.u‘bp_ value of a g_minr.

Axys Azy Coordinates in body axes system of ori- (£¢)
gin of stability axes. Origin of '
stability axes is presumed to lie in
Xpy Yp plane, Ax, and Az, are respec-
tively positive i the positive Xj and
ZA dmj-m. - '

Bxy, Byy, Bz, Coordinates in body ames system of ori- (£%)
gin of thrust vector. Bxgﬂi s Bﬂ
respectively positive in posi iﬂ ’

b | Wing span o (£t) )
{ w Cp Total aerodynamic drag coefficient, Coef- (mu-dinmaiml)} :
T Ticient of projection on Xg stability _
: ' axis of total aerodynamiec force.
.
e
aviaanes | S
2
L Total aerodynamic 1ift coefficient, Coef- (non<dimen- - i
ficient of projection on 7g, stability sdonal) |

axis of total aerodynamic force. 4

€ --——r—-FZS
&)

Cq Total aerodynamic rolling moment coeffie- (non-dimen-
cient. Coefficient of projection on Xg sional)
stability axis of total aerodynamic

moment .,

e
.

m— g
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SYMBOL ‘ DESCRIPTION DDENSION
Cm Total aerodynardc pitching moment coef- (non-dimen-
ficient, Coefficient of projection on gional)
Y5 stability axis of total aerodynanic
moment,
cm = ws @
/ ev 2) ® " ¥ ¢
P
e | S
L B
Cn Total aerodynamic yawing moment coeffi- (non<limen
cient. Coefficient of projection om sional)
Zy stability axis of total asrodymamic
moment, _
.’
Ca = %
(E‘ Vp ) sb
s 2
Cy Total aerodynamic side force coefficient. (non<dimen-
Coefficient of projection en Y5 stability sional)
axis of total aerodynamic ferce,
cYS 2 eV 5
B S
2
¢ Mean aerodynamic chord (£%)
Exy Projection of total applied force vector (1bs)
on Xy wind axis. Positive in the positive
Xy axis direction.
By, Projection of total applied force vector (1bs)
on the ¥y wind axis. Positive in the posi-
tive ¥y wind axis direction.
Ez Projection of total applied foree vector (1bs)
on the Zy wind axis. Positive in the posi-
tive Zy wind axis direction.
g Gravitational constant 32.2 Pt/sec?
i Unit vector in positive X; axis directim, (non-dimensional)
i (nonedimensional)

Unit vector in pesitive Y, axis direction,

FORM 398-3

- o g



LINK AVIATION, INC.
BINGHAMTON

PAGE NO.

distribtion with respect to the X, 7y
body axes planme,

- &
Fyz = Zmi |Thy ZA,[]

REV.— CNLY. REP. NO.
STMBOL DESCRIPTION DIMNSIN
k Unit vector in positive Zj axis direction (non«d imensional)
I, Yomént of inertia of rotating engine (1bs) (£t) (sec)?
parts about engine spin axis,
T Moment of inertia of the aircraft sbout (1bs) (£4) (sec)?
; _ the X body axis. &
i i ; 1 a s .
Tix = 2o [as® + Zaf]
wheie "i" represents the generic mass
particle of the aircraft and mj mass
of the gemeric particle, -
Tyy Moment of inertin of the aircraft about (1bs) (££) (vec)?
- the Y body exis,
Igy = E mg [Kai + 75 z]
Izg Moment of taaithin o Won wiewenlt about (1bs) (£4) (sec)?
the Zp body axis.
Izz 'Z_m_ﬁ%\f + '&ﬂ ,
Jxz Profuct of inertia due to non-symmetric (1bs) (£t) (Sec)?
mass distribution with respect to the X3, e
YA body axes plane,
s efafun _
.Tmr ‘ Product of imertia due To nen-symmetric (1bs) (ﬁ)(ue}z
" ‘mass distribwtion with respect to X,
7 body awes plane.
- (9%
Jyz Product of imertia due to m-ammtric mass (1bs)(£t) (sec)®
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TA

DESCRIPTION DDENSION
Projection of total applied moment on (1bs) (£t)
the Xa body axis. Positive in the pesi~
tive %y axis directien.

Projection of total applied moment on (1bs) (£t)
the Y) body axis, Positive in the
positive Y; body axis direction.

Projection of total applied moment on (1bs) (£t)
the Zp body axis, Positive in the
positive Zy body axis direction.

Projection on the Xj body axis of theé (radians/sec)
body axes system absolute rotational
velocity vector, Positive in the posi-
tive Xj body axis directien. . :

Time rate of change of the projection _~  “(radians/sec?)

on the Xi body axis of the absolute(
rotational velocity vector of the body axes
system, Positive for increasingly positive

Dynamic pressure = (pounds)
q ?YF .
Projection on Y body axis'of thé body ames  (radians/sec)
abso rotational velocity vector.
Positive in the pesitive ¥) body axis direction.

Time rate of chaxge of the projection oh the (radians/sec?)
Yj body axis of the absolute rotatiomal ‘

-+ . yelocity véctor of the body axes system.
- Positive for increasingly positive values

of aa.

Projection on the Z, body axis of the body (radians/sec)
axes system absolute rotational velocity _
vecter, Positive in the positive Zj
body axis direction. :

Time rate of chiange of the projection on (radians/sec2)
thezibodymd.aeftheabnolutero‘ta'- “
tional velocity vector of the body axes

- gystenm; Positive for increasingly posi-
o tive values of T3.

W:Ln.gma (ﬁ)z
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SOHBOL DESCRIPTTON DINSIN
51 Unit vector in positive X5 axis direction. (non-dimensional)
S, ‘Unit vector in positive Y5 axis directiom. (non-dimensiomal) -
5, Unit vector in positive Zg axis direction. (non-dimnum)
X, Projection of total thrust on X3 body axis. (pounds)
i
o Ty "% Txa4
Positive in positive X3 body axis direction.
Ty jection on X3 body axis of thrust from (pownds)
Az ! "ivh" engine, Posithive in positive Xy
body axis direction.
TYA Projection of total thrust on ¥s body axis.  (pounds)
% - : ¢
W eETy, .,
Pogitive in positive ¥ body axis direction.
TYA Projection on Y3 body axis of thrust from (powmds)
i - "i'th" engine, Positive in positive Y,
T7a Projection of total thrust on Zj body axis (pounds)
; i
Bt T .
©  Positive in positive Z; body axis direction.
TZA r&njedimm?ﬂbadyaﬂadw&m {pounds)
i "i'th" engine., Positive in positive 7 .
Sody skix Hrectica, © 3
s Unit vector in positive Xy axis direction, (non-dimensional)
t Onit vector in positive Yp axis direftiom. (non-dimensional)
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T3it
i=L RN

DESCRIPTION

Landing gear side force, I, R, N res-
pectively left mein, right main and
nose gear, leasured in the Xp, Y¢

Magnitude of engine rotational velecity -
vector. For zero £q and £o positive
when vector is in direction of positive .
X3 body axis.

Time rate of change of magnitude of engine
rotational velecity,

DIMENS IO
(pounds)

(pounds)

(1bs) (sec) 2/(st)4
. (radians/sec)

(r_adi;na/secz)
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SYMBOL DESCRIPTION DIMENS ION
a Unit vector in positive ZE: axis (non-d imen-
_direction, sional)
v Miagnitude absolute transiational velo- (£t/sec)
city vector of the aircraft center
of gravity. .
v Time rate of change of the magnitude (£t/sec?)
of the absolute translational velocity ;
vector of the aircraft center of grav-
_ity. Positive for increasing values
~of L'
Vp- Magnitude true airspeed vector of the (ft/sec)
aircraft center of gravity.
ffP Time rate of change of the magnitude (£t/sec?)
_of the true airspeed vector of the
aircraft center of gravity.
] Aircraft Veight (pounds) ._
< Unit vector in positive X. axis direction (non-dimensiemal)
7, “Unit vector in positive ¥, axis direction, (non-dimensional)
W Unit vector in positive Z, axis directien. (non-dimensional)
Xau Absolute value of X, coordinate of inter- (£t)
section main gear line of action with
X,g, Y3 body axes plame,
Xan Absolute value of the coordinate of imter- (£t)
section of nose gear strut line of action
with X; body axis.
: i 1 : 43 . H @
Yau Absolute value of Y) coordimate of inter- (£t) * '
-section main gear line of aetien ﬁth
. 23, !3 w axes plane. e
“ Amdymd.c angle of attack. Ttn' anzle' (radians)
:  between the Xy body axis <~ and the :
projection on the X3, Zp body axes plane
of the "Vp" vector. oK is zero when the
bl [l mctor is coincident with X, body
. FWhen looking in the negative Y3
body axis direction, clockwise rotations
. ~ from the zero oC position give positive
Lt &o ) N : ¥
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SYMBOL

Y

e

Vrs

DESCRIPTICH

‘Time rate of change of the aerodynamic

angle of attack. Positive for increas-
i.ugl_y_ positive values of oC ,

Aerodynamic side slip engle., The angle
between the true airspeed vector "Vp"©
and the Xj, Zy body axes plane, .JSis
zero when the "Vp" vector is in the
positive X5 body axis haif of the Xj,
Zg body axes plane, WHhen looking in
the positive Z,, wind axis direction,
clociwise rotations of the "Vp" vector
i‘;um the zero A position give positive

Time-rate of change of the aerodynamic
sideslip angle, "Positive for increas-
ingly positive values of &.

Angle between X; body axis and projection
on X3, Yj plane of engine spin axis,
When looking in the negative Y, axis
direction, countercloclwise rotations
from the X3 axis give positive £,

Angle be engine spin axis and Xj, Y)
plane, looking in the positive 7,
direction, positive rotations from Xa,
YA plane give positive £,

Geometric nose wheel angle., Ay is zero
when the plane of the nose wheel is paral-
lel to the aircraft plane of symmetry.
When looking in the positive Zy axis di-
rection, cloclwise rotations of Ay from
the zero position are positive.

Angle measured in Xj, Yy plane between
projection of X3 axis and trace line of
plane containing nosewheel, When looking
in the positive Zp direction, clockwise
rotations from projection of the Xj axis
give positive Wyp.

Angle measured in Xy, Y plame between
projection of X3 axis and trace line of
Xi, Z% plane, Vhen looking in ‘the pesi-
tive Zp axis directiom, cloclarise rotations

from projection of the Xy axis give posi-

tive ¥ps.

DIITENSION

(radians/sec)

(radians)

(radians/sec)
(radians)
(radians)

(radians)

 (radians
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DESCRIPTION

Body axes system heading angle. Angle
between the I inertial axis and the
projection of the X body axis in the
iz, Yr plane, Vis zgero when the pro-
jection of the Xj body axis in the Xy,

Yg plane is parallel to the Xy imertial
axis and in the directiem of the Xg in-
ertial axis, Vhen looking in the positive
Zr, inertial axis direction, clockwise
rotations from zere ¥ reforence give posi-
tive V. VYis Fndeterminate for 8 = 290°,

Body axes system piitch angle. Angle beiween
the X, body axis and the Xz, ¥y plane, ©
inertial axis of the Xj body axis is in
the negative Zp axis direction., 9 is
Zero when the X3 body axis is parallel to
the Xp, Yy plane, .

Body axes system roll angle., YHeasured in .
the body axes YA, Zp plane as the angle
between the positive Y3 body axis and
the line of intersection of the Xy, Tp
~dnertial axes plane and the Yj, 23 body
axiapm."ﬂpismmmmrgbo&y
axis is 1 to the X, Yg plane and

. the projection of the Zjp body axis on the
Zg inertial axis in the positive Zp axis
direetion, @ is 180° when the Y, body
axis is parallel te the Xg, ¥g plame -and

~ the projection of the Zj body axis on the

- Zg inertial axis in the negative 7y axis
direction, ¥hen looking in the positive
Xj body axes direction, clockwise rota-
tions from the zero § reference give posi-
tive ¢g. ¢ is indeterminate for @ = 190°.

Landing gear tangential force. L, R, N res-
- pectively left main, right main and nose
gear, leasured in the X, Ty and
y Yo

o the
land

DIMENSION

(radians)

(radians)

(radians)

(pounds)
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I. As

Derivation of the

eneral Aircraft Equatio
Motion

ions

The following assumptions are useds

1.
2,
3.

The aircraft has constant mass,

The aircraft is a rigid body.
The air mass in which the aircraft is flying is stationary
with respect to the inertial axes system.

(Notes Additional sssumptions are made in applying results
to OFT,e.g. inertial system fixed in earth.)

II. Axes Systems

Four axes systems are employed; inertial, wind, stability,
and body axes. -

1.

2.

Inertial Axes System

A right-handed triad of mutually perpendicular axes fixed in
inertial space. The inertial system is designated by
Xy Y, Zz, with the respective unit vector s, 'E, e~

. The inertial axes system constitutes the inertial frame of

reference upon which is based the validity of the application
of Newton's Laws of Motion to the problem.

Wind Axes System

A right-handed triad of mutually perpendicular axes whose

-..origin is fixed in the aircraft center of gravity, whose

"X" axis is coincident with the aircraft velocity vector
relative to the air mass in which the aircraft is flying and
whose "Z" axis remains in the aircraft plane of symmetry.
The wind axes are designated by v, Y, 2y, with
respective unit vectors w, , w; , "w; B

The wind axes are used for the formulation of the aircraft's
translational momentum and consequently are the reference: axes
system for the resulting force equations evolved by the
differentiation with respect to time of linear momentum.

FORM 398-
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3.

Positive Xy is in the direction of the aircraft velocity
vector relative to the air mass; positive Yy is toward
the right wing tip, and positive Zy 1s toward the bottom
of the aircraft.

Stability Axes System ' “ 3
A right-handed triad of mutually perpendicular axes whose
origin is at some fixed point in the aircraft, usually 25%
MAC, whose "X" axis is in the aircraft plane of symmetry
and parallel to the projection on the plane of symmetry of
the aireraft velocity vector with respect to the air mass
and whose "Z" axis is also in the plane of symmetry. The
stability axes are designated by Xs, Yg, Zs, and the
respective unit vectors .s, i .s‘, ) S3 .

The stability axes are used as a reference system for .
measuring aerodynamic forces and moments. g

Positive Xg is toward the nose of the aircraft; positive Yg
is toward the right wing tip, and positive Zg is toward the
floor of the aireraft.

Body Axes System

A right-handed triad of mutually perpendicular axes whose
origin is fixed at the aircraft center of gravity. Unlike
the wind and stability axes whose origins are also tied to
the aireraft but whose orientations are keyed to the aircraft
velocity vector, the body axes by virtue of assumptions 1 and
2 are completely fixed in the aircraft. The "X" and "Z" body
axes are in the plane of symmetry with the "X® body axis
parallel to aircraft reference line in the plane of symmetry.
The body axes are deaignated by X4, Y4, Za, with respective
unit vectors _c , ?. .

The body axes are used for the formulation of angular mome'nt.um
and by differentiation with respect to time of this quantity
are the reference axes for the moment equations.

Positive X, is toward the nose of the aircraft; positive Y,

. 18 toward the right wing tip, and positive Z4 is toward t.he

floor of the aircraft.
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III. General Aircraft Equations of Motion

1. Force Equations

From the derivation in Appendix 1L

w
By ™ 3 4
w
EZW = —% ng

From the derivation in Appendix 3

STy *Z; "ﬁ.swv"c- +./z.,4 cos °c_’/

Jw =Z-:o£:> cos & =y cos < S & +2A.c;‘s/? "_/%J.s'j,v o "’”{j‘]

Therefore the force equations become

w
E,xw-'-"?— 14

£y = -V;—V[,;: —fy S =+ cas«i—]

| (4)

(5).

' ()
2)

Ezw o "" %—VZ:QE‘ co.-sy@ —7?4 cos < smS -'*Z, CosS — T, .s/yocswi (3)
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IV. QGeneral Applied Forces

In general, the external forces applied to the aircraft can
be broken down into four contributions; aerodynamic, thrust,
weight, and forces due to contact (non-catastrophic of course)

with the ground.

Therefore, letting £  represent the total external force

vector
E=F+T+W+7T
where /  denotes vector sum of aero forces

? denotes vector sum of thrust forces

) . *
;]

Fi; denotes the aircraft ueiéht vector '

denotes the vector sum of ground reaction forces

Rl

Projecting Z  on the wind axes

E = (Ex,)% *(Exp) % *(E2,,) %,

where
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From Appendix 5
25 .
L= ¥ %2-2” C?smﬁ = Cacos,fi' :
- S
Fpw =+ 6 G [Cyecosp + Cosmz]

=~ W E[a/

From Appendix 6
v -g&cmﬁcmﬂ* @sw,d’f 7543’”“5"‘/‘.’7,;

7;w=fz:7,;Acas°°s/#ﬁ+7y_Amﬁ "EA&W‘QIW/{Z’- ’.
¢

n=y % '

Ew’ff@m’"* Zy o85S

=/

b

f = WNUMEER OF ENGINES

From Appendix 7

M(z_w = W/cos Ocos P siw o« cos + cos © siv ¢.sz.v,d’ —sivB cos o< Cauyy]
Wy = W/sin O cas o< simg + cos © s cos —cos & cos P s ?szy,fy

Vl{z = W /cos & cos‘¢ cos o< + .SJNG-S‘M/’C_-7

w

FORM 398-




. BEE o o LINK AVIATION. INC.

BINGHAMTON_

- REV.—

NLOYL ' DATE

FROM  ARPPENDIY &

T, = N%+ T Nfeos@cass,) (5 * Gellos Osm ) ~(Tu* To * B )fsme &) »
"‘ZZE b5 Z;/IKW’V Q.SM/¢ :‘ps% *cos @.rmf &3)*‘ g‘_ i ‘7;‘9)(:&.5 ¢ CG..‘.-‘,?;‘F — 5w & S

5 (‘7;,,)(/5;5;6?.

4’/?;2 * Z}){/.r.w & cos ¢ cos jg_t ““5}#@5&#%} "(/‘{e‘a + ?;})(S‘MJ Qs cos 2‘35 * Soae 3

*(ZZ,){WM & <q

Bw = [0 Te)fow @ s Peos s +cos Pom )+ (5, + Ta)feos #cos ¥y = s &
| (Tofom @ s

(7 + T o © cos B cos %y = suw b suw 5, ~(Bo* Fo o B cos 4 s 8 coz B,

/7 e © cos

*[?3: * TaJfeor & cos ) ~( T+ g Jfeos O s b ) (Tt T * Gr) s & (1

1’&'/}

gw = Z/;Z; ” Z::-’)éf”’-’ 6553@“” ﬁfé’; =Sy ¢J'W %) "/721"“ Fﬁ)(:“f#@ cas %J *sw & cog ?f
*{Z}j}é‘m@cw g
LT+ Tafeos @ cos e ) ~(,# B Jfeac © s $5) = (T # T+ T Nome 8) G Joos &1

WHERE Ty fo. = Z: Ty gﬁ Sow t"i"/7

rev A, cos &
2 "Z:Wﬁs S &2 co.:gb j



'Z;){éa: & cos ¥, *(E«,}ém & :Jﬂéf,’,,r_)]:e.s Ko cos L
st s )25, * o # B )(coc 0 50 )

@ cos ¥ * cos & ssar .%,,j +(T£',,j{;sg B cos o = s & s ;ﬁ.sw }jjﬁé}]y;v,d"
o5 P s 5%5) “/7}2 “ Tt &v)ﬁ”‘f & cos @)

B cos K = s B s .‘,{'f,) "/.?;”,}('.;w Beos bom * 1 B eos B sipe };’:,'gjjswﬂc- coget

o B s 'g.s‘/} "'(T?l"" Ge* gﬂ)ﬁ"-" O sane ﬂﬁ)

co0f fow * 05 B ssn fjfp) 1“( ?;,,jgéw Peos K = 500 S 210 P son ¥ /} cos 8
5 )G Gp* By Jfeos O cas )

B cos . ~ s B %a) “/ Yo ,)éw ¢ cos Mo v siw @ cos @ s %pj&w e S P
B ©cos ,%,j '(/?;M)ﬁm E s W, Jfeasoc SIAGE

i) B T * By o © cos @)

05 B = S100 B St Y,{;,,,) -{"{;‘Njﬁwﬁ €08 foo * 5w & cos B sun ;,V,ycc}x ol
.?,;,“',s) *f?é’ﬂ,);{:as & sra j’%apyjfﬁ oL
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COMBINING THE VARIOUS FORCE CONTRIE

™ —,_r[(—:‘ SInS — ,,cm,g] + hé‘ [ Yoy COS % cos, 8 + %swv,@
| + (% +z;,%/:osem,%caw=-co.:,e) +(sin © sinp cos ¥, + cos P
~(%.* %n )fffos Qs Ky cas = co;,e) o ® siw P s s ~cos P
(g‘ Toe * Ton o © cas o cos8) ~[eos © siw b sinyz) ~(ces ¢

(7o) ffeos © cos %y, cos < cos,s) +{sin © s P eos ¥ p + cos B

—( L )ZZ'” O s Y cos vc—c;s,a'-‘)-f-@yemv ¢sxﬁ}j’, -cos Pcos %

WHERE :  TAN Yo = Z: ran @ sm?/

A, e
zanv ¥ =[——rn,v¢.s‘m9 » 22 ”cos]

£08

# = MUMBER OF ENGINES
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= 7;;'4 S & rm-,c_?/ - W[o: S cos ¢ SN Ccos S *+ cos Bsmmw P SING — S Ocos o< co.s/_r]
72 :

GIVES ¢

son Yo ) SIRGP + (s.we cos @ cos Y — s Psiv fzJ)JJNOC- ca.pd']

:os%,):/y,*& +(.s/fv9 cos ¢.s.w s +sw Pecos Z.f;).s'fu écu,f’]

>.s¢.s‘wéc- go:,es)]

J

oo )s.w,o' I(s‘.we cos P cos ¥ — s @ siv ;gp).fﬂvd:r cm/f]

s 8 +Aw O cos B siw Yip +siw Peos L, s o< co.s,f]
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: -( ',7;‘., )[(:‘as_ Ocos ¥, cos o~ s;wﬁ) "ﬁéme &W¢ cos j‘;ﬁ'-f-.co's Bsiw wp)co: V-4 +(,.,~|

o ai : '-- . .
e, I +{;‘N)/ﬁ'oa9.mv%. cos o< :w,d’) —(s/me siv ¢.s~//v.%, —cm¢co.:g;’p )ca;/o *ﬁ"’“'
. WHEREZ AN 8 =Z: AN @ .s,w@] '
TAN % =[:mzv¢;/~ e
4 = NUMBER OF ENGINES

f
?

mv‘= +Vz ) c“ﬂ+003’”/f7+j[r ca,ao.mﬁ-f , COSS — as,ﬂco,,”fj
: "'(ZZ 7 7;)[059 cos a‘,': cos ‘:zar,o) - :/A/Q.r/ﬂ P cos s +cos ¢:M/ W_,)co.s‘l.
+/ Lt 73,)/(_ 0s O sin }"_, cos < sw,d‘) "ﬁ.w e s.w¢ s ¥s —cos ¢ cos ¥ )coa
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~(% * Tn ) feos © cos Ky s <) = (s © o Beos s ~sm P sm ¥ )eos

(5, * Ga)ffeos © sin oy 5w <) ~(sm 6 casugs s 8+ s cos g )cos =

#(5* e * G (ora © s o) #eos @ cos Peos <) [

~(7 Yfeos ©cos n s <) ~(ein © cos P cos fip = s B suw Y5 ) cos o< ]

*(Tow, ZZCW O s ¥ -%‘W'c') -ﬂwa ces ¢s‘.’fvﬁzﬁ + SN ¢ co:%p)co: ﬂ"_-]

WHERE & rav ¥ =Z': rAN ;25 S ?/

TAN Ay COS G]
rAn 5, ={= van P sin €
P ran @ cos P

# = NUMBER OF ENGINES
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V. General Applied Moments

In genersl, the external moments applied to the aircraft
can be broken down into five contributions; aerodynamic
moments computed with respect to the stability axes, :
moments due to aerodynamic forces computed with respect to
the stability axes, and arising because of non-goincidence
between aircraft center of gravity and origin of stability
axes, engine gyroscopic effects, moments due to contact with

the ground, and moments due to thrust.

Letting M represent the total external moment vector

where /"?; denotes vector sum moments duve to aerodynamics
(pure aserodynamic moments + moments due to
aerodynamic forces) :
/‘-");. denotes vector sum of thrust moments
ﬁ-’z denotes vector sum of engine gyroscopic moments
e ) ‘i ) a 1 n .
N denotes vector sum of ground reaction moments

‘ Projeot:lng'/:f- on the body axes
M = (My,)Z +(My,,)7 + Mz )R

where
M‘zﬂ ’. %1‘,4 + Mx’A i Medﬂ ! MG‘#,Q
P ™ My * M, *
FA e 7 T4 o %
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; From Appendix 9 and Appe;zdix 10 | :
'.M.,! - %‘{';QZZC_; ;a:'-c-—'C‘,,_.cm ‘)6 = (C )/9{4]
* /‘7;? l/' fs/-cm)c +@3w oC — Co cos oC)ﬂz +(Clcas°¢- +Cpm°¢)ﬂ,¢‘]

'/;7“2;4, yﬂﬁs//&e:,woc O ca:“)é "“( )/4.,,4_7

From Appendix 11 ;
e =L By~ T/
o o T

[f,,za.]

From Appendix 12
oy~ i feor & cor [ Tocsofoms e gy om)n ]
;8 Neim =-I, éeﬁfv 6;_17 ~Le e ﬁo: & mé})"% '%’.”‘e} eay 62)7% j

Me?w = 'I*IC’ we fsw € cos Eé] ~Ze “"GZZ“W Ea)ﬂ ~(eos €, cos 62)24] t

r
FORM 398 A
] i
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Derivation of Aircraft Equations of Motion
With Respect to Wind Axes

"""" 1
|
L=
| I
P e W
_____ 1 s
/]
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~
~
~
~
N
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WIND AXES SYS7EM
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w), = Megnitude of wind axes rotati;onal valocity.vactoi'”
¢u. = Magnitude of the aircraft rotational velocity vector
V = Hagnitu&e of the airecraft velocity vector
Vl = Magnitude of the pro;]acti—on on the plane ;of

symmetry of aireraft velocity vector

oc. = Angle of attack
A2 = Side slip angle

Origin of wind axes system is at aircraft center of gravity

Wind X axis; coincident with aircraft velocity vector

T

to aircraft velocity vector

Kw
7 = Wind Z axis; in plane of symmetry and perpendicular
Y

Wind Y axis; perpendicular to (XW,ZW) plane

E

L

u_’x," = Unit vector in X 6 direction
ws . = Unit vector in ¥, direction
wy; = Unit vector in Zw direction

' Notes The position of the aireraft relative to the wind axes

can change as a function of the angles " and @ ",
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1. Intreduction

The eguations of motion will be evolved by the application
of Newton's Laws

o - — o Yo
—_-O%'/b] AND M = J‘é—z;fj
where @_ = 2_ 7 F is the linear momentum of the aircraft

H = Z m(/-f, XV) {8 the moment of momentum of the aircraft

[/ = the total velocity vector of a generic
mass particle in the aircraft

77 =  fhe mass of a generic mass particle
in the aircraft

& = the position vector of the .ganerie
mass particle ",!'; measured with
respect to the Wind Axes System.

-, II. Derivation of force equations with respect to wind axes

For the generic particle "»»", the total velocity vector is
V=V, +(exT)

where Vw, = the velocity vector of the aircraf'b
center of gravity

Wy = (the total rotational velocity vector
of the aireraft

The linear momentum with respect to wind axes becomes . *
¥

Q= fmv Zmﬂm*{wﬂ*ﬂ.j Zmb’ﬁ,'f-Zm(wm)

FORM 378
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The velocity vector of the center of gravity is the same

. for each particle in the aircraft. In addition, the aircraft
rotational velocity vector is the same for each particle in

the aircraft. Therefore, in the expression for linear momentum
the terms ( Via, ) and ( <, ) can be placed outside the

summation signs. This allows Q,, to be written as
Qu = VI Zom) + @*(ZM-'T—)

Now )7 18 the sumation of all the mass particles in the
aircraft, or . ’ '

2 =M = total mass of the aircraft

( Zm.}'i) is the summation of the vector mass moments with

respect to the wind axes system of all the mass particles in
the airoraft. Now the wind axes have their origin at the center
of gravity of the aircraft. Since the generic mass particle
position vector (L ) is measured with respect to the wind axes
origin, which is coincident with the aircraft center of gravity,
by virtue of the definition of center of gravity '

(Smz)=0
- Therefore
Q=rvig

" Taking the time derivative of the evolved expression for
linear momentum gives :

= _d T
F=g v/
Assumption: The mass of the aircraft is considered to be constant.

[ ]

Therefore
a ST Vv dy ] .
F=rzg/va]=r/F = "'VJt_'/
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S

£,

xw

n Therafore

Since the wind axes origin is fixed at the aircraft center

of gravity, the wind axes system charges along through space

in company with the aireraft; the position of the aircraft - -
relative to the wind axes changes only as a result of changes -

"4n  oc (angle of attack) and . (yaw angle). In short, -

the wind axes constitute a moving axes syut.eun. In the expression

SV
=M W Vat.]

dV
It "
origin of the wind axes system and the term [ 4 pr _]

the term tnkea into account the motion of the

takes into account t.he rotation of the wind axes system.

d o L S el - s
Noy It W T WwXW =Ly Jw w | Tt T Jw

where Dy =y T * fw"—"’; + i 7

c/V_

'where 2“" and s, &re respectively the magnitudes of the

projections on the ) and 2, axes of the wind axes rotation
vector C*’w .

The term F~ 1is the resul tant applied force vector which can
be projected on the wind axes as

Fobonfii £y % * 2,

w

where £, , Ey-w , &5, are respectively the magnitudes of

w
the projections of the applied force vector on the

):v ¢Zw axes.

Therefore

W+ Ey, it By, Wy = M I T+ MV, =MV 9, T

Fw

FORM 398
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For the above vector egquation to hold, equality must hold
between respective components of the left and right hand
sides of the equation. Equating components gives rise to the-
"force equations of motion" written with respect to wind axes

Along the )X, axis E%w’ M }tz
Along the ), axis £, =MV,

Along the 7 axis &>,

=—MVZW

In summary, (E,xw . _£;W g é;’w) are the magnitudes
of the projections on the wind axes of the resultant applied

force vector. (ﬂv,.ﬂ.w) are the magnitudes ‘of the projections
on the );, and Z,,, wind axes of the wind axes rotational
velocity vector. ( Vv ) is the magnitude of the velocity vector
of the aircraft center of gravity. It should be emphasized
that the resultant force vector ( F ) s wind axes rotational
velocity vector ( c._.)w) and the aircraft center of gravity
velocity vector ( V W, ) are measured with respect to fixed

space references; ﬂ‘. is their projections ' on the wind axes

that pop up in the above equations. Since the wind axes system
is set up with the ’Yw axis coincident with the aircraft
center of gravity velocity vector, the only projection of the
c.gs velocity vector on the wind axes system is along the

X, axis and has magnitude (V) .

( V) is the true airspeed of the aircraft.

FORM 398
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IIT. Derivation of Moment Equations with respect to Wind Axes
Starting with the géneral expression for moment of momentum

~and the total irelocity vector for the gensric mass particle " » o

V= vw (@)

the moment of moi_:ishtﬁin with respect to wind axes becomes .

H, = Som (Vi) + Som [ x(@ 7))

For reasons explained in the derivation of ‘the force equations, -
the first term on the right side of the above expression is

Som(ExVT) == Som (VG xT) ==V x Zm T =0

swce pmn =0

Therefore —
B Son gz -
and evaluating the double vector product/z x(&; x_?é)] gives

F/—w = ZmZ;’p‘w (""’;w*'/t‘iw) Ty i e " Czy T "2y ‘?
+Z’”‘[c‘"}‘w(’z’iw+4§w . C"’W"‘""’ﬁf"’"’?w TCzy w2y 3

.I*ZM[C“)ZW@W*'A;;”)—C‘J’NW e % I-"'zw —C"ywﬁy?"‘iw _ W}

where ﬂqﬂhw ), ("“yw) and ("'Zw) are the ma@ifmﬂes of the
projections on the wind axes of the generic mass particle
position vector C}i ) 3Gy Wy AN Wz Ly

are the magnitudes of the projections on the wind axes of the
aircraft rotational velocity vector ( g.'SA )

FORM 398
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As measured in the body axes, ( N ) is given by

@:_ﬁiv"z‘;'fﬂﬁzé

Since the transfer equations from body axes to wind
axes are .
< =cos < cos@ W, —cos << smpB np — S g
F =Sw@E iy * cosp W
K = simveC cos@ W, —sw o sim@ W + cos o< W

The aircraft rotational velocity vector projected on
the wind axes is

& = ()7 * (,) T * (@2,) %

where : _ :
Wi ’Z.-ﬂ, cos < cos & ‘*‘zA S + Ny SIN o= co.s,é’_]
Wy =Z':.7¢3, coseC sm@ * g, CoSG —STgy SV O '.f/a/,cP]

Oz =fﬁ SIN < + Ty cos‘c_*i
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As indlcated in the "force equations? deritation, the , . '
aircraft rotational velocity vector (’w ) can be taken

outside the summation sign because it does not vary from
mass particle to mass particle. The same effect applies

to the tudes of the projections of the rotation
vector E ) )+ - Therefore

g A2 Z;”‘W Zm @W‘*'A‘ZW) ntows Zm%w/'*w_wzwzm%‘alw W
[71«2’”’(”’»»‘;""”’2#' T e Z”“"’mw“‘yw -“’Zw;’""’rw"‘?iw 2
+@Zw2_ ”"F’éw'ﬁd;;w) _woawz_”‘;;"‘»w“zw T Wy Z m"yw_ﬁz”] Wy

The summation quantities in the above expression define _
the various products and moments of inertia of the aircrafb
with respect to the wind axes

2m Perw L = Srwpw 2om (";W+A§ W) g '[""‘.”' """'

2_ e T T e o AR,,) = Iﬁf@'ﬁ-w.

PLC I Y S St ) = By,
N ‘

/‘:J’Pw‘z’-“wﬁ‘-w—w?w J"ww T Wzy J"'wzll(.]w—’
*["-Jywz;w'yw B 7Y ";w?w Tz "%‘WZW "E

» "-’zw-z}wzw -wﬁw ‘“;'—wzw 3 w’;‘w ‘Z?WZJ%

FORM 398-
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Letting : :
: Axw %”bw Iﬂ'w‘k-w "‘“‘yw "‘Z;wyw T Wz, ‘}’J-besz]

Popps =[“J;¢w :ywyw B Jﬁw'}w Tazw ‘@wzu]
ﬁzw =/;Zw Z}wz,,, T Sy ‘}’;W_Zw -'-")‘Vw U;wzl&/

then

Ao = (b )% +(hyu) %% *(bey )7 + 5 ° ]

According to Newton's Law, the vector resultant o.f the
applied moments is equal to the time derivative of the moment
of momentum ( /& ). Examination of tha' above equation
indicates that the moment of momentum with respect to wind
axes ( /A, ) is a function of the megnitudes of the projections
of the aireraft rotational v;loeity vector ( c3, ) on the wind

axes, the various producta and moments of inertia of the nirérafjb
with respect to the wind axes and the wir-zd axaslunit ve"ctora |
(w, w, w ). The aircraft rotational velocity
vector will vary with time and consequently so will the magni-
tudes of its projections on the wind axes. Since the wind axes

origin is fixed at the aireraft center of gravity and the

angles o (angle of attack) and i  (yaw angle) will vary

with time, the unit vectors (W, , hp , W, ) mst also be.

time dependent. Finally, the products and moments of inertia.

vary with the relative position of the aircraft with respect to
the wind axes system. The re_lat.iva position of the aircraft with
respect to the wind axes is determined by the angles oC and & .
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Since ¢ and 4 are time dependent, the products and _
moments of inertis must also be functions of time. In short, .
all the terms which constitute ( 'ﬁw ) are time dependent.

This must be taken into consideration when differentiating
( /:/-w ) with respect to time.

Taking the time derivative of (4, ) .  ‘

417~ [Ty /20 T 4 [ iy *”"w)
,.,);{—) i) -ﬁ’)]

WHERE
J!"M‘ . *
It “/‘_%r—w Lowrw ™ Cyw "J‘J.*u/;“m “’z‘w iy 2w Z of S,
: * L rw " Oy J"&wyw ""’Zw Swzy ]

S s . e
JT -/‘:‘."ywij‘}w T Wy Ug‘w?w e pwzw
| 7 @ Iyw}‘w T Wy J*-"WQ‘W — ey @Wz_v?_’]

FORM 398-
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Substituting the above six derivatives and the expressions

for (lﬁﬁw), 4 w)J AND //sz) into the (A1 )
. equation, letting Z?';f= Moy, W +‘M’y'w ws * MZW W.?_]
and equating components gives the following "moment '

equations of motion™ with respect to the wind axesg

4..), (My,,), (Mz,,) being the magnitudes of the

projections on the respective' ( Xw ,( }fv ) ; ( Zw ) wind

axes of the vector resultant of the external moments applied

to the aircraft.

FORM 398-
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Moment Equations with respeet. to Wind L.x;es

M’xw - c‘) I Ko Yy ‘d}‘w";w[ywy"' “zw Zwlzwﬂ’w @’wd“’ w’“’)%w
_ﬁ“’xwfw “"Zw)“;w?w /wzwﬂ'w —w'waw) Pwiy

M'y 7w'r’¥w’¥w “szfw'z:fwlw*'%w"‘wz?ﬁwc'w /“"?w?"w wlw) Pwiw

—(GJ?WAW b2 %W JJ‘W’W +(”°‘wa—wzw Jz,w) VA Ry Zw
i3 “pw I?‘w%v % sz YwZw ~ rw J’;-wyw

‘Mz "“le‘sz? “J"‘wa Zw K “‘Vw?ﬁwf?l"?w @wfw w"“’)“;w"w
ﬁ“’lwfw wyw)‘]ﬁ;wzw (u#wfw w"‘W?"W)J"w’?w

_ > Wz fzw!w ey, ‘;lwlw 'yw ‘fywzw

WHERE

ol Q’J‘w"‘[‘%‘i cos °C cos & +fa“’”ﬁ + Sy SIN O casﬂ]
Wy, = /:7% cas o< sy Tt 2;, COSLS = Sy SIN < .sm',&] ‘

Wz, =Z:7‘30 SIN & *_ny coS °’f7
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The following equations are repeated from page &

force equations with respect to wind axes

JV
Exw="M 75

£,

yw = MV,

é}w = -MVZW :

The above six equations constitute the general equations of
motion of the aircraft as derived with respect to the wind
axes reference systems The only condition imposed is the.

assumption of constant mass,
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APPENDIX 2

Derivation of Aircraft Equations of Motion

with respect to Body Axes

P,Jqé- s~ =7 amaraanin
vV x.  _FERPENDICULAR

BODY AXES SYSTEM

FORM 398
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Gy = Magnitude of the aircraft rotation vector

¥ = Magnitude of the aircraft velocity vector

(.«c-c. 5 n/-,-w-)- Magnitudes of t pr;:;ection of the aircraft velocity
vector on the (4, , %, Z, .body axes.

Origin of the body axes is at aircraft center of gravity

»%

Body X axis;' fixed in aircraft in plane of symmetry
YA = Body Y axis; perpendicular to plane of symmetry
Z, = Body Z axisj in plane of symmetry parpendiculnr }

to X and Y body axes.

— = Unit vector in X, direction’

>

1_: = Unit vector in ); direction

# = Unit vector in Z, direction

Notet The position of the aircraft relative to the body
axes does not change.
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Ie Introduction

. The equations of motion will be evolved by the application
i -.0of Newton's Laws

E f=°}‘g"[2:?‘/ AND ﬁ-’-&iﬁ .-

where a = 2_ 7 T/_ is the linear momentum of the aircraft
H = Im(ﬁ.—xl‘/j is the moment of momentum of the aircraft

vV = - the total velocity vector of a generic
mass particle in the aircraft

! = the mass of a generic mass particle
in the airecraft

the position vector of the generic mass -. . ' .
particle " 7 "; measured with respect .
to the body axes system. S i

N
fl

s 5 S De_rivation of force equations with respect to body axes
' '-"._ For the generic po‘.rticla "m ", the total velocity vector 1.
vV = IV + ( o A"./r..)

A - = = '
where V = Z"_““""" targ + 'w"/{’j is the velocity vestor of .
the aircraft center of gravity, -

A
The magnitude of J is

/ﬁ/-"—' V= VR +r2 + w2

(«, -, v~ ) are the magnitudes of the

pro;jecﬁon of l? on the respective
(A, ¥, 2 ) body axes

FORM 398
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C.':;q = the total rotational vector of the aircraft

The linear momentum of the nircraft with reppect to body
axes therefore becomes a .

—=2_ml7 =2m[l?+(@xﬁy
Q@ =0mP+ Jom (5 x )

The velocity vector of the aircraft center of gravity ( I/ )
is the same for each particle in the aircraft.

In addition, the rotation vector ( c3, ) is the same for"

each particle in the aireraft. Tharafore, in the expreasion '

for linear momentum the term ( 7 ) and ( <4 . ) can’be . -

placed outside the summation signs. This allows ( Q )
to be written as S B

I R

; # ' r
 Now (Do) is the summation of all the mass particles in

the aircraft, or

2™ =M = total mass of aircraft

( Don_x ) is the summation of the vector mass moments with
respect to the body axes system of all the mass particles in
the airecraft. Now the body axes have their origin at the '
aircraft center of gravity., Since the generic particle
position vector is therefore indexed to the aircraft center

of gravity, by virtue of the definition of center of gravity

Jm< =0
Therefore

Q=rMP =Mlwtarg +wk)
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Taking the time derivative of the evolvad expression
for linear momentum gives

/}-:JTZ/—V("“"Z*—M;'{' w-k__}/

Assumption: The mass of the aircraft is considered to be
constant.

Therefore

F=rfi&)< */"""77 ARGIR] *1fe(G6) () *w(f‘ )/

a2

Where the contribution [75;—"*)2 +{ gx).j_ ""( 5&7[] _

accounts for the rate of change with time of the mgnitudo (V )

-~ of the center of gravity velocity vector ( V )e

| -"",."A'_The contribution Z_;,b(-?’—)v-m—(—f)-f-w 2]

accounts for the rotation in spme of the body axes nyat.am e

upon which the veloédity vector ( l/ ) has been proje;ted t.o ,

obtain its components (<), (,V-ag. ) and (kA .

More precisely, the term [ / £ )4-,,,-(;,9-? ) - W(jf ) '

- 'a.ccounts for the change in direction with time of the M
o i : A
velocity vector ( [/ ). It is well to point out that { V ) 5

the mgnituda of ( V ) is the true airspeed of the aircrafb.

3 Z 7z K
<e - = 3 = L —
Now J& = CH¥t = | gy ga /o | = g g —2ak
/ O o
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Foo7 = | 30| a2
o / O
,/" < £ Kk :
S R R T R Il Rt S
o o 1/ G

where (7‘34)) /fﬁ)

and (—’% ) are the magnitudes of

; the projections of the rotation vector ( 5’4 ) on the
: ."repect';va (X} ()") and (2;4)

i 'i-:.'Substituting into the second equation on the pracading p.lge

body axes

e -t.ha expressions for the time derivatives oi' the unit vectora

_ and letting ‘ .y :
givea 5
F =Ml LA *W{/’“M[ o F "24"/*”’/7‘% _"9"")

| +W(z»~°*ﬁzf]

/E‘-‘-:MQ_;MJLA*'W‘ZAJJZ +ﬂu’- Wy +-—¢c-ﬂ-,q); :
| ' (i iy )]
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The term on the left side of the equat.ién ( F ) 7o
is the vector resultant of the forces applied to the aircraft.

( & ) can be projected onto the body axes as

ol b b 6 R

For the vector equation at the bottom of the preceding page
to hold, there must be an equality of components between the
left and right sides of the equation. Therefore

EE‘I /‘7/ -/u-./z,, + WZ")
g‘;q Mp‘" k. +...~a../r”)
£;,4 = M- — gy fm—ﬁ)

\
which constitute the three "force equations™ written with

respect to body axes, and where /E” » ) y (A—',’_ 4 ),wp @4)
are the magnitudes of the projections on the body axes of the

applied force vector ( ~ )3 (—u), (fv—) j (w) are the

- magnitudes of the projections on the body axes of the aircraft

center of gravity velocity vector l? );(75’4 )/(ﬁﬁ ) and (’h )
are the magnitudes of the projections on the body axes of the

aireraft rotation vector ( 5:,; ). The applied force vector

. B e, T A
( F ), center of gravity velocity vector ( |/ ) and aircraft

rotation vector E)’; ) are measured relative to fixed apaba 7,
referencea- it is their projections on the body axea that
occur in the above "force equations™ and in thé folloming ¢

"moment equationa ",

FORM 3%8-
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I1I1, Derivatic;n of Ment equations with respect to body axes.
Starting with the general expression for moment of
momentun 7= Jom (T # V) |
and the total velocity vector for the generic mass particle ", "
Vel z)

the moment of momentum with respect to body axes is
F=Dm (o[ V+(x7)]
— ai A LI e o
H=2om [ 2V ] Jom [ x(c x7)]

For reasons given in the derivation of the mforce equations",

2 l)==Bom(Vrr)= =D Imz =0

SNCE 2 »m =0

the term

Therefore the moment of momentum becomes

H= o [T x (G x 7))
and evaluating the double vector product Z:T, x/a_;q x,_z"&_)]

gives

= Sonf et 72y = g g ey |2
e ”’—@/ﬂ«—’%) ‘ﬁﬂwy Sty oz [F
4 Z‘»-:[:z,,/a.; ‘PAJ“'J&-’% Za be -fz.z_]k

where (v, ), (=, ) and ( ) are the magnitudes
of the projections on the respective ( Ay ) )g )
and ( Z, ) body axes of the generic masa

particle position vector (_<T )

FORM 398-
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As indicated in the derivation of the "force equations”,

the aircraft rotation vector ( ¢, ) can be taken outside
the summation sign becavse it does not vary from mass particle
to mass particls, The same effect applies to the magnitudes

. of the projections on the body axes of the rotation vector (c...\ e
Therefore

Z;;,Z?n( & *"—/Z-f—) ~ 2 Zhﬂx/’-y “-’Zafszf-x;"-z_]z
+[é4 Z”l("g‘ +./zz) 4 Z‘)n_. 4‘}‘ —JLAZ?:L./L?.A:Jf.
"[%4 2_”»@‘*%)"_76.42_”1%#2 '542—7'-@ —aoz]*

The summation quantities in the above expression define the

various products and moments of inertia of the aireraft
with respect to the body axes.

Zm""x-’ly= ‘z;:-fy . Z”‘-(";*"‘s)as’[#z

Dmrpz = oy 2m(ri+nt) =T

2m PNz = Syz Zm(’?-i "'—"—;‘) =2z
Therefore

H = Lo Zun =20 Fagp = —2a g [Z
’Zﬁgh-z;ﬁgﬁ'":f%r‘zzhsﬁ'_"94 ‘zaii;;é;r
oy Loy =iyt Hs =24 Tz [ F

Letting ‘
A 3/—7_912;.:: ~ ZA J;y -“’LA J’-"‘E/
b =/}nfyy- T Ynnp %4 @{7

Az ‘255%4-Zézr A4 Yz " 94 gwg;;7

H = [(h)< + (h )? *(hz) i/

FORM 398
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According to Newton's Law, the vector resultant of the
applied moments is equal to the ti:me derivative of the
moment of momentum ( A ). .: In the expression on the pre-
ceding page for ( &/ ), the only time dependent quantities,
assuming constant mass and rigid body, &s the- pmjecﬁona
(7"«4)»' /2A ) and (J"A ) of the rotation vector (&g, )
and the unit direction vectors ( _¢C ), (5‘;‘ ) and ( £ ).
Since the body axes bSr definiticn are fixed within the .
aircraft and no relative motion can therefore exist between
the aireraft and body axes, if constant the mass and rigid body
is assumed, the‘prodncts and moments of inertia, which ar; a
function of mass and position, are independent of time.

"~ This will be taken into account in obtaining the time

- derivative of ( M ). The time independance of products

and moments of inertia is a unique characteristic of the
body axes system and leads to a set of "moment equations"
much simpler than those based on other systems, i.e. the

wind axes.

Taking the time derivative of the moment of momentum

E7 = T3 o/ e (B

* by (3E) + ’52‘@@]

FORM 398
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ware G [t g By i Sag ]
’"[}'A Ly~ Tz ~Fo4 vay-] '
=L Lz =~ fon Tz ~ 0 Sz [
G =Lz ~ k)

L

- 7’[}45 K 7"»1‘7-] :

iCz)

Substituting the above six derivatives and the expressions
tor (hy), (hy,) s (hs) into the (/7) equation,

latping Z;? = M%q"" +/'%M f’ f] nnd equating componenta
gives the following "moment equations of motion"™ with respect

to body axes; (/‘7“)( (/‘72 » ) being the magnit.udes of the
projections on the (i), ), (ZA ) body axses of the vector

resultant of the ext.ernal moments applied to the airgraft.

M, =[7-¢;4-z-¢-x*24-"§4([22 _fg‘y)"" oy -f:e)’-z::'y-

=Ly 94 #4in) Gz (5= 2E) _/

Mya = 24 o TA P ﬁmw zz) *é‘k 4 ""’4)

-@,wﬁ.)«a,ﬁ@. _,,.;MJ

"4 [A ZZ *ﬁZq/ ¥ ) “'/24":4 7‘24)“70;2

~(ry 2 ‘74) fyz */ZA "7?42) ‘47]

FORM 398-
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SUMMARY

Moment aqunfiona with respect to body axes

fo,q =Z-7_9.v "z;!-?- +fA‘ ‘%4 KZ:?Z _‘1.79‘) +(A"" 74 _2“‘)‘2’.“? .
~longa*Sin) Bz + (i =93 ) Bz ]

9@4'i{£;91219¢'ﬁ’3v7é!ff;r:"é&z/’*f;ébjﬂ"""ét)‘jgﬂz o
T pmr ) Byt )]

"% L5 L A pellyy D) A ) Bz -
| Cratn® ) Gy *(5F =) Bl

Force equations with respect to body axes

| Ly M rr oy +irg,.,) '.

A%;k=*/~7.nﬁ- -y *:44.!;,_)

45% =’/“7rcnér~-ﬁa¢a 2? i '*11:*7g4 ‘)

The above six equations constitute the general equations
of motion of the aircraft as derived with respect to the
body axes reference systems The only condition imposed =
is the assumption of constant mass. :

FORM 398
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Components of Wind Axes System

Rotational Velocity Vector

£ ]

FORM 398
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Wind Axes System Rotational Velocity Vector

Let ) = rotational velocity vector of wind axes
with respect to body axes

)y, = rotational velocity vector of body axes
with respect to inertial axes

,, = rotational velocity vector of wind axes.
with respect to inertial axes

Then ,
XL e, | “ o m o wll)

and since transfer equations from body axes to wind axes gre
3 9 i ?

L = cos < coss I:; - Cos °C SING l«_\'/-a"SMr'“" ;f:? (3)
# = SswE W + cosP W, (4')

K = s o< cosse W, —SINC SING Wz * cos o< Wy Stk (5)

“ (6) &, = _5_+[7-¢A cos %< cosS * g, SN + gy SN cas)f]i'v’}'
+Z:-'7ﬁ-4 cos e sm<s 4 COS B — S q SIN O SINAS, @

"‘Z:.?% S/ o F Ty co8 ws
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Now () has been defined as the relative rotational velocity
vector of the wind axes with respect to the body axes. The
only degrees of freedom between wind and body axes systems

are the angles °¢ and & . Consequently the angular velocity
vector of the wind axes with respect to the body axes must be
the vector sum of the angular velocities of < and & .

oL = B

Angle of attack, °<, is defined as the angle between the XA

body axis and the projection on the aireraft plane of symmetry

of the translation velocity vector of the aireraft center of
gravity., Positive angle of attack is measured in the body axes
system as a clockwise rotation about the I4 body axis when looking
in the negative direction of the Y4 body axis. Therefore, a
positive rate of change of angle of attack would be represented
in body axes as a vector in the negative Y, body axis direction.

. a8 oL = — oC f
Resorting to the transfer equations from body axes to wind axes

Gts-éo:;s/”ﬁ E/: —G'C-C.D.S',fliz

*

Side slip angle, @ , is defined as the angle bétween the adreraft

plane of symmetry and the translational velocity vector of the
aireraft center of gravity. Positive side slip angle is measured
in the body axes system as a clockwise rotation about a line
through the aircraft center of gravity and parallel to the

- stability axis when looking in the positive direction of the

stability axis. The positive sensing of & as defined above is
for measurement of 4 with respect tc body axes. The occurrence

in the definition of the Z; stability axis is only to peg down
that axis in the body axes system about which t.he angular rotation
occurs, Anyhow from the definition, positive ,e is a vector

in the body axes system parallel to the Z. stability axis and.in
the same direction as the Z, stability axis, Even though &

is a vector in the body axes system we can project it where we
will, and from the foregoing we can very well project it on the
stability axes system where it very obligingly shows up as simply

A =065

(7)

Y

=)

FORM 398-
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Transfer equations from stability axes to wind axes are

5, = cos W, — S Wz (/_/)

5 = swe w, *cosS We (72)

5= (13)
- F =80 (14)

'And combining equations (7), (9) and (1k) i
() ==& siNG i, — & cos,@ np 1,E W - (75)
Combining equations (6) and (15)
re) o, =Z: =3 s:w;& + i, Cos O €OS & +'Z,,s.w,<? + R4 S/n o< COSE W,
+Z—_o'<= cospP — Ay cos oc.‘.swv,-e -?‘-z,, COSLP =g SIN °% SING, Wa

+Z;,<? TAy SIN < .y <os </ W,

In abbreviated component form
Wy = Ay, W +2Wn@ * oz, Ws (/7)
Therefore, by equality of components

fw 31:02‘ SING +'ﬁ9 cosoccosﬂ +Zﬂ-5,”ﬂ +AA"””°° ca.r,f] (/8)

Jw =f K CoS@ ~ poq casC SME F 9yCOSS g SIN """"’V/‘_?] () .

a

./z.w=z:<§'—7g,.smfﬂ° +_.fz.,.,c‘o.:°°_/ ' ' &(‘ZO)

FORM 398
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APPENDIX U

Equations of Transfer from Body Axes System
to Inertial Axes System and Vice Versa

FORM 98- . e
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1.

2.

3.

Body Axes Angular Position
With Respect to Inertial Space

NOTATION
System Axes Unit Vectors
Inertial ) Xa; 08 2 BB R
Body ¥ 2 Bt &

APPROACH - Angular rotation of BODY AXES with respect to INERTIAL
system will follow a discreet order. We start with the BODY AXES
system aligned parallel with the INERTTAL system then we rotate the
BODY AXES as follows:

First, rotate the BODY AXES system an angle % about the BODY Z axis.
Then, maintaining the BODY system in its displacad position we
Second, rotate the BODY AXES system an angle © about the BODY Y axis.
Then, maintaining the BODY system in its new displaced position we
Third, rotate the BODY AXES system an angle & about the BODY X axis to
obtain the final relative displacement of- tha.E)DI AXES system _
with respect to the INERTIAL systém. = '

FIRST ROTATION ¥ (HEADING)

XE
=
A
' 1
- t-f -y
L T e 'y
. # ]‘ “""‘)’ .
| R PT % Denoting the initially displaced position

of the BODY AXES with the subscript "1®.

< [o3i 75 3 fom ¥TE
; =/—_.SJN}“_’/3‘- *Zc—as_f:’/'g
F

)
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ho

SECOND ROTATION © (PITCH)

Denoting the second displaced
position of the BODY AXES
by the subscript 72"

= -[os?],o, +[.smf?7k
7= =7

& =/sm j.x.., +[ os 9_]/(',

Substituting from the preceding page the expressions

for <, 4, ,£ £ into the above equations for z‘-,, o 5 & ko

gives

=Z:sw_}_”/.s? -+ cas‘}:’/E

.I;Z =[;a,se cos ﬁ_”/:}' +Zc_as$$//v5:’7'&—."z.;/m9 3

2
; Z'; = /s © cos ﬁ_‘_’].‘s'*[gfms.s»/f]a+gos?7{ ' '
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S. THIRD AND FINAL ROTATION @ (ROLL)

Denoting the final position of the Body Axes by the absence of subscripts,
s

ﬁ2‘==zﬁ;m532);g; + sanf¢2)7ié

72 =z(:sz¢fg§é%;1ﬁzg;s-gbZAé ? < f ;

Substituting from the previous page the expressions for

gives the three angular position equations which define the angular
orientation of the Body Axes system with respect to the Inertial
Reference Systems These final equations are presented on the

following page.
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Let ~

APPENDIX 5

Project.ioﬁ of Aerodynamic Forces on Wind Axes

represent the aerodynamic forces.

Then in the stability axes .

F=(5s)5 * (Fs)% * (25)%

Transfer equations stability to wind axes

XW
Xs A
L) 5 —
V
% %
R “
: ~
\ _
L% RS WP <
.
~ e
T, T
S, = cos@ W ~ SN & Vi
5 =%
Py ame g5 L]

FORM 398-
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Now Lo 0,

2 ' :
o o U i i
iy _,%{_SZED‘S‘W/& * G, cas,g]@

-CES [e, ],

where Cp, () Cop are respectively the total aerodynamic

drag, 1ift and side force coefficients as meastred in the stability
axes system : wet

o F=(B.)% + (5.)w * (Bu)%

where

i

By ™. S 142 -EQZZ?D cos & = C.:y'.SM//:‘Y]
Fai ™ Vg fgi[éa sive + Cy, cos){]

B = - 22/c]
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APPENDIX 6

Projection of Thrust Forces on Winﬁ Axes

In body axes thrust is

T= (B54)T * (B, )7 * (5, )F

Z = unit vector ) direction
Y : 7 .

£ = unit vectora;, direction

Transfer equations body system to stability system

=
| ‘--...__-___‘i L"‘"XA
’ Bl R
/ A5
SYyi
/
/
he
4
Y
z g

-

A =cos K §, — sy < 5

7 =%

¥ = J/zyﬂc.?‘,' +ca:ec,_"s-}

4 = unit vector X, direction
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Transfer stability to wind system

¥
\ -
W

=%

S, = cosE W, — SING W

5 =SnP W, Tt cosS W

& s (7- cos°C cos S + Iz, szyﬁcm,d)w

(L. s W,

~(Tuq st OC-)SJ

HTycos <) 5

( 7o Sin o Sin, S+ 1, sy €05 -mpd) Wa
(  €05,3) 2 |

+(—7,;_As/4/o-c.+ 74'4 c-”oc.);.';/:;
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Lo

?“[&Aéasﬂcos,d’ : @A.mv,dl o _
/-_-7.,;' cos o< sin P *+ I, cO58 = 74" S GC-:/«V,‘:]F@

GA Sin o cas,f]v?}
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APPENDIX 7

Projection of Weight on Wind Axes System

1. Relationship of Wind Axes to Body Axes

2:4 Body System Wind System
X = X %
% Yo Rk
z, ¥ z, w

The Wind Axes are cieriVad by first rotating an angle °C about the
Body Y Axis and then an angle &# about the displaced Body 2 Axis,

which is the wind g axis.
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2, Initial Rotation ©°< (Angle of Attack)

From the above sketch

2 e 7)o <]l5)
7= () __
3 =Z.;w 4@:}; ""Z;’J "_c]( @){

3. Second and Final Rotation & (Sideslip Angle)

)

From the sketch to left
(W), =[eoss] 7 ~[oma]
(Id_\/;), = szyfjw; +Z:es,€7@

(WJ)/ = W
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L. Equations for Transfer from Body to Wind Axes

By manipulating the two sets of three eguations in paragraphs 2 and 3

::g /Z?as < ca:,i?/;f: — Jecos OC-:M/,c_?Jv—v; - Jsn oc.]p"q?]
;. = [::N,f/ﬁ/;- + cos,c_?/ﬁ/;] ’

k“=£s_/y°ccas,afv7— .S‘IJV"C-.S‘/M,@FVE-*Z;MGC- v"{/;j

5. Projection of Weight on Inertial System

W = w M

6. Projection of weight on Body Axes - Using equations of transfer
from Inertial to Body system as given in Appendix L:

'-;V.-,. wﬁ:,;,,v-@]z-r case.mvf/; +Z:ase cos é]Ij

7. Projection of Weight on Wind Axes - Using equations of transfer
from Body to Wind System of paragraph L above and substituting
them into the equation of paragraph 6t .

wo=w [c?os & cas ¢ sV << cos,@ *cos O SN PSING — SinO cos < ca.s,g]W,'

+ /5w © cas oC NG + cos @S P cos ~icosScas P siwe sG]

+£oseco.s¢casﬂc+ SIN © SIV _]W_’;j
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APPENDIX 8
Projection Ground Reaction Forces on Wind Am;
’ and

Ground RBeaction Moments on Body Axes

FORM 398-3
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Assumptions:

1.

S,

Airframe is a rigid body with the exception of the landing gear |
along its line of action.

Mass of landing gear can be considered insignificant and gear
approximated by spring and dashpot in parallel,

Radial distance from wheel axle to tire periphery 8 insi’gnifi-,'
cant.

Aircraft axes translate with aireraft C.G., but do not rotate
with respect to aircraft.

Each landing gear single wheel,

.2, Landing gear remains in contact with ground so long as distance

7.

8.

to ground along line ofé.ot:l.op is equal to or less than max
extended length of gear. . |
Line of action of landing gear is perpendicular to X, Y, plane
in body axes system, .
Landing gear wheels come up to speed instantaneously at grownd
contact.
Time rate of change of aircraft center of gravity position is
insignificantly small, ’
Center of gravity remmins in aircraft plane of symmetry and be-
tween projections on plane of symmetry of nose gear and main
gear lines of actien.

FORM 398-8
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In general the individual landing gear ground reaction forces are
assumed to have three components as follows:

Tli = in grownd %oy Ye plane and coincident with trace in

ground plane of plane containing landing gear wheel,

Positive when directed toward nose of aircraft.

T2y==in ground X,, Y, plane and perpendicular to Tli.
Positive when directed toward right wing.

Tg; =P parallel to the Z, axis, Positive when direbted in
N L
the positive Z, direction.

In the above notations "i" takes on value L, R, N to represent left, |

right and nnge'gear respectively.

Consider the case of roll and pitch angles both different from zero.
By the definition of the roll and pitch Buler sigles :(g, 9).of the
body axes system in conjunction with assumption 6, tf)eu;zlima of action
of all -'I:ln'ae' landing gears are contained in planes parallel to the
plane in which the roll angle, "@", is measured,

Problem is essentially this: letting T represent in general the ‘
main landing gear ground reaction force, resolve T into three mitually
perpendicular components, iwo of these components being in X, i’e plane
(ground plane) and the third component being pérpendieﬁlar to the Xg,
f Yo plane, Now consider a plane perpendieular to the axle of the wheel

EORM 398-8
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of the landing gear: we will refer to this as the "wheel plane", The
vheel plane of the main gear is parall;al to the Xp, Z, plane (plane of
symmetry). In general, hecam the nose wheel is steerable, this con-
dition does not apply to the nose gear,

Anyhow, the two ground plane components of T should be such that one

is parallel to, and the other perpendioular to, the trace of the main
gear "wheel plane" on the grownd plame. This is so since T exists

only because of contact between the wheel and ground. The only mechan-
isms for generation of the grownd reaction forces ave shearing ptreae;es
and compression stresses in the mmway. The component of ground resac- |
tion perpondiéular to the ground plane is due tp the vertical compression
load, and the two horizontal components to shearing siresses.

The "wheel plane" is parallel to the aircraft phne of symmetry. Con-
sequently the trace of the plane of symmetry on the X,, Y, plane will
be parallel to the wheel plane trace of the main gear, Knowledge of
the trace of the plane of symmetry therefore will determine the direc~
‘tions of T in the X,, Y, plane. N

sIvay: "
7, mit vector in positive T, body axis direction.
Coincidence of origins of inertial and body systems.
Y , 6; #; Euler angles body system, |
Y =0, | '
¥ ) (1) Trace line in X, Y, plane of plane P, (the plase of

syrmetry of aircraft).,

FORM 398-8
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(2) Components of vector T such that two compoments in
Xgs Y4 plane, one parallel to trace line of plane
P, other perpendicular to trace line of plane P.
The third component to be parallel to Z, axis.
Part (1) .
Let By =X, 1 +Y, T + Z & be position vector in body system of general
+ point in plane "P", ' |
Now j is perpendicular to plane of symmetry
S &, L7 by definition
.. Equation of plane is:
| I, Teo0
..Cartesian form in body axes is
Xy (0) #¥,(1) +2,(0) =0
Ya =0 _
which is e(nati..m h:I.n body axes for plame of symmetry., But we need |
equation in inertial system. Let's take simple case first and imposs
Y=o |
Tmsfer equations body to inorti_al system are:
T=2cos 908 -5sin